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Issues in Modal Identification of Flexible Structures

H. Baruh* and J. Bokaft
Rutgers University, New Brunswick, New Jersey 08903

Issues associated with implementation of modal parameter identification procedures that are based upon
discretized models are discussed. The interest lies in methods where the identification is carried out as a
correction process on a postulated model generated by using erroneous system parameters. It is shown that the
identification approach loses its accuracy because a discretized model has to be used to represent the structure
and because extraction of the modal information from the sensors’ output introduces contamination from the
unmodeled modes. The level of this inaccuracy is investigated qualitatively and quantitatively.

I. Introduction

HIS paper is concerned with implementation details asso-

ciated with modal parameter identification methods for
structural systems. The interest lies in investigating problems
such as the use of a discrete model when the actual model is
continuous, the errors associated with extraction of modal
coordinates from the system output, and the inaccuracies in
the underlying assumptions on which the identification proce-
dure is based. All these effects reduce the accuracy with which
the system can be identified. This reduction of accuracy is
investigated qualitatively and quantitatively by considering the
identification method proposed in Ref. 1.

The field of parameter identification is a large one, where
the present state of the art has been surveyed frequently (e.g.,
Refs. 2-5). Structural identification methods can be broadly
classified into time-domain or frequency-domain categories.’
Another characterization of existing work is by what is identi-
fied. In identifying mass and stiffness properties of a structure,
some approaches consider identification of these parameters
directly from the system response.5® In Refs. 6 and 7 continu-
ous models are used, and in Refs. 8 and 9 spatially discretized
models are considered. Other approaches consider identifica-
tion of the eigensolution first.!%-!? Identification of the mass
and stiffness properties is then carried out using this identified
eigensolution,>'7 or previously known modal information.
Identification of external excitations from the time history of
the system modes has been considered in Ref. 18.

Implementation of an identification scheme is not complete
until the approach is tested under a variety of circumstances
and actual experiments are conducted. In this paper, we exam-
ine several implementation issues associated with modal iden-
tification methods and in particular with methods where the
identification is carried out as a correction process on a postu-
lated model, such as in Ref. 1. Factors that contaminate the
identification include errors associated with the extraction of
the modal coordinates from the system output and use of a
discretized model. To extract modal quantities from the sys-
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tem output, two approaches emerge. One is the use of modal
filters and the other is observers.!® A comparison between the
two indicates that modal filters are more desirable to use than
observers, %20 so that the approach here will be to use modal
filters.

Modal filtering is based on interpolating the sensors’ output
to get a spatially distributed estimate of the system profile,
and then using the expansion theorem.! Because discrete sen-
sors are used, the extracted modal coordinates are not the exact
ones, and they are contaminated by other modal coordinates.

When a discretized model is used to analyze a continuous
system, there exist errors associated with the discretization,
except for very low modes. These errors, when combined with
the output of the modal filters, contaminate the modal re-
sponse that is extracted from the actual measurements. The
effects of such contamination are analyzed. Also, because the
order of the discretized model is generally very large, one can
opt to identify a subset of the modes in the model. The
unidentified residual modes further contaminate the accuracy
of the modes that are identified. Ultimately, one has to make
a decision as to whether to identify fewer modes, where the
errors in filtering and discretization are small, or to identify a
larger number of modes, where the effects of discretization
errors are more significant.

II. Equations of Motion

Consider a self-adjoint distributed structure whose behavior
is described by

mx)ii(x,t) + Lu(x,t) = f(x,t) )

where u(x,¢t) is the displacement at x at time ¢, L is a stiffness
operator, m(x) is the mass distribution, and f(x, ) denotes the
external forces.?! Using standard methods of analysis, one can
arrive at the modal equations in the form

7(£) + Moo () = £ (1), r=1,2,... ()
where A, are the eigenvalues, related to the natural frequencies
by N\, = «?, and n,(¢) and f,(¢f) are modal coordinates and
modal forces, respectively, related to the displacement u(x,?)
and forcing f(x,¢) by the expansion theorems

ulet) = Y 6,00m,(0),

r=1

7:(2) = [¢,(x), m(x)u(x,1)]

S0 = Em@s,f 0, SO =18,09, fen] )

in which [a,b] = Sab dx, and ¢,(x) are the system eigenfunc-
tions. The eigenfunctions can be rendered mutually orthonor-
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mal using

[¢,(x), m(x)¢s(x)] = 6rsa [¢,(x), Lo (x)] = 0)35,3
(rs=1,2,...)

If the excitation f(x,#) is in the form of k discrete forces F;(¢)
acting at x;(i =1, 2, . . ., k), the modal forces have the form

k
Sr(@) = 1o, (x), fx, 0] = §¢r(X)ZFf(t)5(X —X;) dx

i=1

k
= X6, (x)Fi(t) @)
i=1
A closed-form solution of the governing equation is, for
most of the time, impossible to obtain, so that we seek an
approximate solution using spatial discretization. To this end,
consider the equation

u(6t) = L (¥a () (5)
r=1
where ,(x) are admissible functions (global or local),?! and
a,(t) are undetermined coefficients. It follows that one ends
with a discretized set of equations of order n

Ma(t) + Ka(t) = BF(t) 6)

in which the entries of the mass and stiffness matrices M and
K have the form
my =[x}, m)Y; ()], ky = Wix), ¥ 001
where the starred square brackets denote an energy inner
product.?! B is the actuator influence matrix and
F(t) = [F(@), Fx(t), ..., F(O17

The eigenvalue problem associated with Eq. (6) yields a set
of n eigenvalues A}, As, . . ., A,, and corresponding eigenvec-
tors u,(r = 1,2, ..., n). The eigenvalues are approximations
to the squares of the natural frequencies w? and the eigenvec-
tors can be used to approximate the eigenfunctions ¢,(x) as

0.(x) = urT‘l/(x)’ r=12,...,n N

where 0,(x) are what we will refer to as the discretized eigen-
functions and ¥(x) = [Y1(x), ¥2(x), - . ., ¥,(0)]7. The eigenvec-
tors are orthogonal with respect to the mass and stiffness
matrices and they can be normalized as

urTMus = by,

u Ku, = A, rs=1,2,...,n)

or

UT™U =1, UTKU = A

where U = [uy, uy, ..., u,] is the modal vector and A is a
diagonal matrix containing the eigenvalues. Using the expan-
sion theorem

u(xt) = Y 0,(9q,(0), q,(t) = [0,(x), m()u(x,1)]

r=1

r=12,...,n 8)
which is equivalent to a(t) = Ug(¢), where

q(t) = [ql(t)’ qZ(I), sty qu(t)]T

are modal coordinates of the discretized system. The modal
equations associated with the discretized system can be ob-
tained as

G-ty + Aq.(t) = h(2), r=1,2,...,n )
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where h,(¢) are associated modal forces obtained by
h (1) = [6,(x), f(x,0)] r=1,2,...,n)

Consider next the discretized equations of motion in the
presence of parameter uncertainties. It is assumed that the
general form of the equations of motion and the geometric
boundary conditions are known, but the parameters contained
in the mass and stiffness operators are not known. Postulating
these erroneous operators by m’(x) and L', and using Eq. (5),
we arrive at the discretized equations of motion of the postu-
lated system as

M'a(ty+ K'a(t)=B'F(t) (10)

where the primes denote that the matrices are based on erro-
neous parameters.

The eigensolution associated with the erroneous model is in
the form of n eigenvalues A{, A3, . .., A, and corresponding
eigenvectors v,(r =1, 2,..., n). The eigenvectors can be
used to approximate the eigenfunctions of the erroneous sys-
tem as

0. (x) = v (x), r=1,2,...,n (11

Similar to Egs. (8) and (9), the orthogonality conditions,
expansion theorem, and postulated modal equations become

vrTM/ vS = 61’5’

V,TK/VSZA;«Br:’ r,S:I, 2,...,n

ulx,t) = 30,0/, @),

r=1

G; () + Argr ()= hr (1),

q/ (@) =10, (x), m' (Xulx,1)]

hi () =16; 00, f(x,0)] (12

with terms taking their obvious meaning.

We wish to explore the relations between the eigenfunctions
and modal coordinates associated with the actual, discretized,
and postulated systems of equations. First, consider the actual
and discretized systems. Because the actual eigenfunctions
constitute a complete set, one can express the eigenfunctions
of the discretized system as

0,(x) = ) drsds(x) = d 6(x),

s=1

r=1,2,...,n (13)
where

o) = [$:(x), $2(x), . . .17
and

dr:[drlvdr25'~~]T r=1,2,...,n)
The coefficients d,; can be obtained by multiplying Eq. (13) by
m(x)o,(x)(s =1, 2, ...,) and integrating, which yields
drs = [Mm(xX)g;(x), 6,(x)] (r=1,2,...
It can be shown that d7d; = 6.

Using Eq. (13) and the expansion theorems, the relationship
between the actual modal coordinates and discretized modal
coordinates becomes

4:(t) = Yo dn () = d]T (), r=1,2,...,n (14
s=1

where 9(t) = [9:(¢), 72(), . ..]7. Equation (14) can also be
expressed in matrix form as g(r) = Dy(t), where g(¢) was
defined earlier and D = [d), d,, ..., d,]7. Note that the
modal coordinates g,(¢) considered in Eq. (14) are not the
coordinates obtained by integrating the discretized equations
of motion. They are coordinates obtained by applying the
expansion theorem, Eq. (8).
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Naturally, as more terms in the expansion of Eq. (13) are
taken, the difference between the actual and discretized eigen-
functions should get smaller. To illustrate this, we introduce
the error function

€(x) = ¢,(x) — 0,(x), (r=1,2,...,n)

which leads to
[e,(x), m(X)e, ()] = [¢,(x), m(x)d.(x)] + [6,(x), m ()0, (x)]
=2[¢,(x), m(x)0,(x)] =2(1 -d,), r=1,2,...,n(l5)

Similarly, by taking the energy inner product of ¢.(x) we
obtain

le,(0), & = [6,(0), &, ()" + [6,(x), 0,()]*

=2[6,(0), ¢, )" =\, + A, — 2d,,\,, r=1,2,...,n

(16)

Defining the error in the rth eigenvalue as E, = A, ~ A,, and
combining Egs. (15) and (16) we obtain the relation

le (0,6, (01" = N[ (), m(x)e, ()] = A, — N, = E,
r=1,2...,n (17

which can be regarded as a measure of the discretization error.
Because as the model order is increased by virtue of the
inclusion principle?! E, becomes smaller, one can heuristically
conclude that d,, should approach unity. Because

Yd:=1
s=1
as d,, becomes larger the off-diagonal terms get smaller.
We next relate the discretized and postulated models. The
associated modal matrices U and V(V = [v;, v5, ..., v,]) can
be related by

Uu=Vvc (18)

where the entries of C are ¢, = vM'u,or C = VIM'U. It is
this matrix C that needs to be identified in order to arrive at
the actual model.

When we introduce the notation C = [¢, ¢, . . ., ¢,]7 and
C"=C=1Ie, &,..., ¢,]7, it follows that the postulated
eigenfunctions and modal coordinates are related to the dis-
cretized ones by
0, () =¢/00x), q/(t)=¢/q@), r=12,...,n (19

We are now in a position to relate the actual and postulated
modal quantities. Using Eqs. (12-14), (18), and (19), we obtain

q; () =¢/q(t)=¢/Dn(t), or gq'(1)=Cq(t) = CDx(t)
0, (x) = &f0(x) =efDo(x), or 0'(x)=Co(x) = CD(x) (20)

The above equations indicate the relationship between the
actual eigensolution and the discretized model solution in the
presence of parameter uncertainties. The parameter uncer-
tainty and discretization errors are represented by the matrices
C and D, respectively. In control systems these matrices tend
to contaminate the performance of the control design. In
parameter identification procedures, one can opt to identify
the matrix C. But, because the model used is derived from
spatial discretization, existence of the matrix D will degrade
the results of the identification.
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III. Reduced-Order Model and
Modal Coordinate Extraction

When a discretized model for a structure is constructed, the
order of the model far exceeds the number of modes of inter-
est, especially when the discretization is based on the finite
element method. In such cases, a reduced-order model needs
to be constructed from the discretized model. Denoting the
number of modes of interest by m (denoted by the subscript
M), and partitioning the modal quantities into 7 monitored
and n — m residuals (denoted by the subscript R) in the form

g0y = | U s i
gr(t)
_ |0 A0
9= 10 | M=o A, @D

and considering Egs. (6-9) we obtain the reduced-order equa-
tions

au(t) + Augu(t) = UyBF () = Ny (1) (22)

One then performs the identification using ¢,(z) as the
configuration vector. To investigate the effect of using a re-
duced-order model, we partition the postulated modal coordi-
nates, eigenfunctions, and matrices C and C as

(¢ Ors(t
go= "0 - ’ i
qr (1) 0r (1)
|G | G| L fm{fwz 23
CRM [ CRR CRM CRR

which yields for the monitored modes and eigenfunctions
@r(2) = Cangrr(t) + Crrrgr(?)
057(x) = Canebre(x) + Crir g (x) (24)

The problem with dealing with Eqgs. (24) instead of the full
state is that the transformation matrix found by the identifica-
tion process between gu(¢) and gy (¢) will not be Cypy, but
another matrix that is contaminated by the contribution of the
residual modes.

We next consider the extraction of the modal quantities
from the system output. To this end, use will be made of modal
filters.!®

Modal filtering is based on the idea of interpolating and
extrapolating the sensor output to obtain a spatially dis-
tributed estimate of the system displacement (or velocity or
acceleration) and then using the expansion theorem to extract
the modal coordinates. The estimated distributed profile
@1(x,t) can be calculated as

¢

206ty = L u(,0)Gx,x;) (25)

Jj=1

where x; denotes the location of the sensors (j =1,2,...,1)
and G(x,x;) are interpolation or extrapolation functions, in
which the time and space dependency are separate. Introduc-
ing Eq. (25) into the expansion theorem we obtain expressions
for the extracted modal coordinates, defined'® by

a,(t) = [, 0),m)8,()] = Lgyulx,t), r=1,2,...(26)
J=1

in which

& =[Glx),mx)6,(x)] (G=1,2,...,6r=1,2,...)

are modal filter gains.”® Note that these gains are computed
off-line, prior to the identification process.
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The accuracy of modal filtering depends on the number of
sensors and types of interpolation functions. Noting that the
sensor measurements y;(f) are

Yi(t) = D2 0,0)gs(0) + ny (D), Ji=1L2,...,0 @D

s=1
where n;(f) denotes measurement noise, and introducing the
extracted modal coordinate vector

(D) = @), @x0), .« -, Gu(OIF

we can combine Egs. (26) and (27) into
G (1) = GHuygu(t) + GHpqr(t) + Gn(t) (28)
where the entries of G are
gir=1,2,...,m;j=1,2,...,0)
and

Hy(i,j) = 0;(x:), He (i) =0y 4 ;(x1)

The objective is to select m, {, and the types of sensors such
that GH,, approaches an identify matrix and GHpy approaches
a null matrix. It is shown in Ref. 18 that if Rayleigh-Ritz type
modal filters are used, GH,, becomes exactly an identity ma-
trix, but the elements of GHy are not considered. Actually,
such a relation can be obtained without considering modal
filters at all. Introducing the vector

y) =30, y2(0), . .., y(OI

and considering Eq. (27) we can write
Yy = Hygu(t) + Hrgr(t) + n(1) (29)

and if the number of sensors is equal to the number of moni-
tored modes, m ={, and ignoring the residual modes, we
invert Eq. (29) as

gu(t) = Hy'v(0) (30)
which results in

qu(t) = qu(t) + Hyp 'Hegr (1) + Hy 'n (1) (3D

This approach gives good results as long as the sensors are
distributed very evenly around the structure. In the presence
of modeling errors, Eqs. (25-31) are still valid, as long as all
modal quantities are replaced by primes. That is, having
parameter uncertainties does not affect the nature of the modal
coordinate extraction. This is one reason why modal filters are
preferable to other types of modal coordinate extraction.

We next find a relationship between ¢u(r) and gy (¢).
Combining Eqs. (24) and (28) we obtain

au(t) = (G HyCyyy + G HgCra)qa(t)
+(C'HyCur + G'HrCrr)gr(t) + G'n(t) (32)

We observe from the equation that one faces a dilemma
when determining the number of monitored modes given a
certain number of sensors. If the number of monitored modes
is left as a small number, G’ Hy; will be almost an identity
matrix and G’ H 4 will approach zero. On the other hand, Cgy,
will have a substantial contribution to the first term in Eq.
(32). If the number of monitored modes is increased, G'Hy;
will lose its accuracy and G’ Hj will have larger entries, but
the contribution of Cgys will be smaller. The ideal case is, of
course, to have a very large number of sensors, so that the
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contamination effects in extraction of modal coordinates be-
come negligible.

We next consider that the model at hand is not discrete, but
that it is discretized. That is, up to now it was assumed that the
actual modal coordinates were g,(¢), belonging to the spatially
discretized model. However, the modal coordinates associated
with the structure are related to the discretized coordinates by
Eq. (14). Introducing the partitions

1) = m0) , - Duam _'I Dur (33)
nr (1) [Drpr 1 Dre
we can express Egs. (14) as
gult) = Dapanag(£) + Dyrgr(t)
qr(t) = Drarap(t) + Drrgr(t) (34)

which, when introduced into Eq. (32), give the exact relation-
ship between the extracted postulated modal coordinates and
the actual modal coordinates in the form

Gi(t) = UG HyCypr + G H g Cras)Dpsm
+(G'HyCuyr + G H g Crr)Dyir Iy (1)
+ UG HyCysr + G H{Crag) Dt
(G HyCpur + G HiCrp)Drrlur (£) + G'n(r) (35

It is clear that use of a discretized model will contaminate the
results of the identification further. We will quantitatively
examine the effects of such errors in Sec. V within the context
of the identification method developed in Ref. 1.

1V. Identification Procedure

To illustrate the effects of spatial discretization, reduced-
order modeling, and discrete sensors, we will use the identifi-
cation procedure outlined in Ref. 1, which assumes a linear,
undamped model and that the mass properties are known
accurately. Considering the mass properties to be known is a
reasonable assumption, because mass is a quantity that can be
directly measured, whereas stiffness is not. We will examine
the validity of assuming an undamped model within the con-
text of a numerical example later on in this paper. Note that
there are methods that identify damping in structures (e.g.,
Refs. 9, 11, and 17).

The discretized equations of motion of the postulated sys-
tem then assume the form

Ma(t) + K'a(t) = B'F(1) (36)

It is shown in Ref. 1 that for models of this form the transfor-
mation matrix C becomes unitary, and the relationship be-
tween the modal matrices U and ¥ has the form

U=VC, V=UCT 37
Furthermore, C=Candc¢;=¢{i =1, 2, ..., n).

The procedure in Ref. 1 is described in terms ot an actual
and a postulated discretized system. We assume that Eq. (6) is
the exact equation of motion and Eq. (36) the postulated
equations of motion. The objective is to transform the modal
vectors associated with the erroneous model {Eq. (36)] so that
they match their correct values. The procedure considered in
Ref. 1 is to iteratively perform this transformation. Denoting
the modal matrix associated with the erroneous model by
V' =U;and C = C, Eq. (18) can be expressed as

U = U1C1 (38)
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In the identification procedure, a unitary transformation R;
is used at each step resulting in the updated matrices

U2=U1R1, U3=U2R2,...,Up+1=UpRp

s Cp+ 1= RpTCp

(39

G, = R]IC, C;=RIC, ...

where p is the total number of iterations to identify the actual

system, so that U,,;=U and C,,; =1 It follows that

C=C;=RiR,...R,(Ref. 1). It is not necessary to calculate
C explicitly.

The unitary transformation matrices R; (also referred to as

rotation matrices??) are selected such that at each iteration two

modal vectors are transformed, and the other modes are unaf-
fected, which leads to
Ry =1,

j=12,...,n, Jj#Er, j#s

Rirr =R = COSO,‘,S, Ry = — sin0i,5, Risr = Sil'10irs (40)

Ry =0 p#q; pH#rwheng=s,qg#rwhenp=s
where 6, is the rotation angle between the rth and sth modal
vectors at the /th iteration.

To transform all possible pairs of modal vectors n(n — 1)/2
rotations need to be performed, which is referred to as a
sweep.2! A number of criteria can be used to select the rotation
angles 6, (Ref. 22). One approach is to use the transient
response, assuming that the external excitation is known.! The
response of a certain mode (assuming that the discretized
model is exact) can be expressed as

Qr(t)zqm(t) + Qrp(t)a r=1,2,...,n 41

where
g (t) = 2A, cos(@,t — o,), r=1,2,...,n (42)
is the homogeneous solution, in which A4, and ¢, depend on the

initial conditions and @? = A,(r =1, 2, ..., n). The Fourier
transforms of the modal responses then become

Q@) = |7 _eiig, ) dt
= (A, cosa, + iA, sing,)8(w — @,) + Py (w)
r=1,2,...,n (43)

where P,(w) denotes the frequency spectrum of the particular
solution. One needs to deal only with the positive values of w.

In the presence of parameter uncertainties, the spectrum of
the postulated modal coordinates becomes

O/ (w) = j e~ g () dt

= Z: Crsg € 7“"15 () = E Crst(w)

s=1 s=1
n
= Y ¢, (A, cosa, + iA; sing,)(w — @)
s=1

n
+ 2 s Py(), r=1,2,...,n (44)
s=1

with ¢, denoting the entries of C. Equation (44) indicates that
the frequency spectra is scattered with peaks. The rotation
criterion is then selected such that the number of peaks in the
frequency spectra of the postulated modal coordinates is min-
imized. Introducing the terms

Re,; = ¢, ;A coso,, Im, = ¢, A, sing;, r=1,2,...,n
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and considering that the sums of the amplitudes of the peaks

n
Y A, coso, + iA, sing,)l

r=1
n n
= E E lle,s(As coso, + iA, sinag)ll 45)
r=1s=1

are invariant under a unitary transformation,' the rotation
angles are chosen such that in a r —s transformation the
resulting Re,,, Im,,, Rey, Img terms are maximized and Re,,
Re,,, Im,, Im,, are minimized. The rotation angle 6, then
becomes!

0ps = V2 tan"12Z/X - Y) (46)
in which
X =ReZ + Im?, + Rel, + Im?
Y =ReZ + Im% + Re?, + Im2,
Z = Re,,Re, + Im,, Im,, — Re,;Re,, — Im,Imgg 47)

As stated before, other criteria can also be used when deter-
mining the rotation angle, such as the steady-state response.?
The identification procedure continues until all rotation angles
are lower than a prescribed threshold value, or until a maxi-
mum number of sweeps is exceeded. Note that the Fourier
transform of the modal coordinates needs to be calculdted
only once, before the identification begins. Also, throughout
the identification process, no equations are integrated. Only
the system measurements are linearly transformed. Additional
details about the identification process can be found in Ref. 1.

V. Illustrative Examples
As an illustration of the implementation problems associ-
ated with identification, we consider the axial vibration of a
tapered rod of length L fixed at one end and free at the other.
The equation of motion and boundary conditions are

Fu(x,t) _ A[EA()Iu(x,1)]

m(x) ar2 ax +f(X’t)
u(0,t)=0 dutxt) =0 (48)
ax x=1

where m(x) and EA(x) are the mass and stiffness distribu-
tions, respectively, having the form

m(x)=2m( —x/L), EA(Xx)=2EA( —x/L) (49)

The reason why this model is chosen is because it lends itself
to a closed-form eigensolution, which can be shown to be

&, () = Jo(B,L1 — x/L]) (r=1,2,..)
where J is the Bessel function of order zero, and 3, are the
roots of Jy(5,L) =0, so that the actual response can be ob-
tained. Also the natural frequencies are close to each other,
which increases the significance of the modes that are not
monitored.

First, we construct an approximate solution by spatial dis-
cretization. To this end, we will use two types of trial func-
tions.

First set:

2r — D7x

¥r(x) =sin ——+

Second set:

Y, (x)=T,(x/L) r=1,2,...,n (50)
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The first set is the eigensolution of a bar of uniform cross-
section, and the second set are Chebyshev polynomials, which
lose their desirability after the first few modes.

Next, we consider parameter uncertainties. We assume the
same mass distribution as in Eq. (49), where m is chosen as
m = 1, and postulate the system stiffness as EA (x)=1—(x/L)?,
where the actual stiffness is 2(1 — x/L). We conduct the iden-
tification for various cases. The sensor measurements are con-
taminated by noise in the form

yi(t) = u(x;, )1 + R}, Ji=12,...,1f (51)
where y;(¢) denotes the sensor measurements and R is a uni-
form random variable with the distribution [—0.05, 0.05]. It
should be noted that the identification procedure was carried
out using velocity and acceleration measurements as well.
There was no visible change or trend of a change in the
accuracy of the identification. The simulated measurements
were transformed into the frequency domain by a fast Fourier
transform.?® The sensors were placed evenly, at the locations
x;=jL/t+1,j=1,2,..., L

To examine the accuracy of the identification, an error
coefficient is introduced as [note similarity with Eq. (15)]

e, = [6,(x),m(x)é,(x)], r=1,2,...,n (52)
where §,(x) is the difference between the actual and identified
eigenfunctions. Denoting the identified eigenfunctions by
~,(x), so that §,(x) = ¢,(x) — v,(x), the error coefficients e, can
be shown to be
r=1,2,...

e, = 2= 2[y,(x), m(x)é, ()}, (53)

, R

It can easily be demonstrated that e, are always positive. We
consider implementation of the identification procedure for
varying cases of discretization, modal filtering, and model
reduction. The accuracy of the identification is monitored by
plotting the error coefficients e,. The following cases are
considered.

Case 1

The actual model is assumed to be the discretized one (using
the first set of trial functions). Both the postulated and actual
systems are of the same order, n = 15. Also, it is assumed that
a spatially continuous noise-free set of measurements are
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available, providing error-free modal information. This case is
included to demonstrate how well the identification procedure
works under ideal circumstances. To calculate the error coeffi-
cients, ¢,(x) is replaced by 6,(x) in Eq. (53).

In Fig. 1, the error coefficients are plotted when all the
postulated modes are transformed, as well as in cases when a
reduced number of postulated modes are rotated. We observe
that the identification results are excellent when all the postu-
lated modes are transformed, thus corroborating the results of
Ref. 1. However, when a reduced-order model is used, deteri-
oration in the identification of the higher modes is observed.
This is to be expected because the identification procedure
cannot diagonalize Cypy in Eq. (24), since it is not a unitary
matrix. In addition, there is contamination from the residual
modes. The nonuniformity in the plot when all modes are
transformed is due to numerical inaccuracies.

Case 2

Here, we consider the same actual model as in case 1, but we
use discrete sensors and add noise to the system measure-
ments. Modal filters are used to extract the modal quantities
from the sensor output. Rayleigh-Ritz type of interpolation
functions are chosen,'® which require that the number of
sensors has to be equal to the number of monitored modes.

Figures 2 and 3 compare the performance of the identifica-
tion procedure for the cases of 12 and 14 sensors. As expected,
reducing the number of sensors and the number of trans-
formed modes deteriorates the identification procedure. How-
ever, in Fig. 2, we observe that when 12 modes are trans-
formed, the identification results are poor for the higher
modes. This is because errors in modal filtering begin to
contaminate the identification.

Case 3

The model is the actual one, where 20 modes are used in the
system description. It is assumed that a spatially continuously
distributed set of measurements is available. This case is simi-
lar to case 1, with the exception of the actual model used. The
results of this case indicate the degradation due to having a
finite-dimensional discretized model.

Figure 4 compares the error coefficients when a discretized
postulated model is used of order 15 where, as trial functions,
the first set (sinusoidals) are employed. Figure 5 does the same
when the second set of trial functions (polynomials) are used
to construct the postulated model.
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Ideal case.
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When comparing Figs. 4 and 5, we observe an interesting
phenomenon. When three or six modes are transformed, the
accuracy obtained using sinusoidal functions and Chebyshev
polynomials are similar. When nine modes are transformed,
the polynomials yield better results, and when 12 or all 15
modes are transformed, sinusoidals yield better results. The
question arises as to why in some cases sinusoids yield poorer
results, considering that the D matrix is much more diagonally
dominant when sinusoidals are used as trial functions. The
answer lies in the nature of the C matrix. For this particular
example, it turns out that the C matrix is more diagonally
dominant for polynomial trial functions. When nine modes
are transformed, the major source of error is the nonunitary-
ness of the Cyy matrix, As the number of transformed modes
is increased, errors associated with the spatial discretization
dominate, which leads to more accurate results of sinusoidal
trial functions.

The above observations lead to two important guidelines.
First, the postulated stiffness distribution has to be a logical

one. If any function is used to represent the system stiffness,
without regard to the nature of the structure, the C matrix will
not be diagonally dominant, leading to larger errors when a
low number of modes are rotated. Second, regardless of the
discretization error, it is recommended to transform as many
modes as possible. Then, one can use a limited set of the
identified modes as the accurate ones.

Note that whereas in the ideal examples of Ref. 1 any
postulated stiffness gives the same result, because of the
sources of error described above, the initial estimate affects
the accuracy of the results, especially when the number of
transformed modes is less than the order of the discretized
system.

Case 4

This is the same model as case 3, with the addition of
discrete measurements, which are processed by modal filters.
Figures 6-9 plot the error coefficients for varying numbers of
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sensors, Figs. 6 and 7 use sinusoids as trial functions, and
Figs. 8 and 9 use Chebyshev polynomials. As expected, the
results show degradation from the results of case 3.

The results in Fig. 8 for the cases of 9 and 12 transformed
modes are particularly interesting. The seesawing behavior is
observed to be a result of the variation in the degree of
contamination imposed by the combined effects of parameter
uncertainties, discretization, and modal filtering. When the
higher modes are included in the rotations, the C matrix
becomes nearly diagonal, while the effects of discretization
and modal filtering dominate. However, the points of transi-
tion are not the same.

Next, we investigate the consequences of identifying the
modes when the underlying assumptions of a damped-free
system and accurate mass information are invalid. We analyze
how well the identification method, which is based on an
undamped model and no mass uncertainties, performs when
the actual model is damped and the mass properties are not
well known.

Case 5

We assume the uncertainty in the mass distribution to be in
the form

m'(x)y=(1-e)mx) 54

where e is an error parameter, and then conduct the identifica-
tion for various degrees of error. Figure 10 compares the
results of the identification when the same model as case 1 is
used, for e = 0.00, 0.05, and 0.1. As expected, the identifica-
tion results are deteriorated, however, we observe that even
for the case of e = 0.10, the error norm of all modes is below
10-2, which is equivalent to a 1% error in the identified
eigenfunctions. Note that for this case, because the identified
eigenfunctions are not orthogonal with respect to the actual
mass distribution, a modified error criterion was introduced
and defined as

er = 16,(x), 8,(x)}/16,(x), 8,(x)] (55)
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Case 6

Here, we consider that the structure is lightly damped and
conduct the identification for various amounts of damping.
The damping ratios £ are taken as the same for each mode.
Figure 11 compares the results of the identification for three
levels of damping: = 0.00, 0.001, 0.01. For £ = 0.001, the
results of the identification compare favorably with the un-
damped results. When damping is increased to 0.01, some
small deterioration in the accuracy of the identified eigenfunc-
tions is observed.

Finally, we consider implementation problems associated
with the identification method used above. If there are peri-
odic external excitations whose frequencies are not known,
one may use the peaks associated with these excitations instead
of the peaks related to the natural frequencies. The identifica-
tion procedure in such cases will not converge. The rotation
angles may become infinitesimally small, but the peaks in the
frequency spectrum will not be minimized. To illustrate this,

AJAA JOURNAL

consider a system of order two, subjected to an excitation of
frequency 2, with the modal responses having the form

q.(t) = 2A, coswit + 2B cosQ¢
q:(t) = 24, coswt + 2B, cosQt (56)
where A4,, A, By, and B, are constants depending on the initial
conditions and magnitude of excitation. Now assume a postu-
lated system related to the actual one, with the unitary trans-
formation
q ! (t) = cosaq,(t) + sinag,(?)
q,(t) = sinag(t) + cosaqy(t) 57

so that the actual system can be identified by using a rotation
angle — «. Introducing Eqgs. (56) into Eqgs. (57) and taking the
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Fourier transform we obtain
Qi(w) = A, cosa 8(w — wy) + Az sina 6(w — w3)
+ (B, cosa + B; sina) 6(6 - Q)
Q3(w) = — A, sina 8(w — 1) + A, cosa 8w — w2}

+ (B cosa — By sina) &(w — Q) (58)

where we observe that each postulated mode has three peaks.
Now, if one by mistake takes w, and Q as the modal frequen-
cies, the rotation angle, determined by Eq. (46), will be
tan2 =

2[—AZ cosa sina — (B, cosa — By sina)(B, sina + B, cosa)]
A2 cos?a + (B cosa — By sinw)? — A sin®a — (B; cosa + B, sina)?

(59)

which is not equal to tan( — 2«). It follows that after one
rotation there will be no more rotation angles possible, with
q!¥(t) and g$?(¢) still having contributions from three sinu-
soids. It is therefore very important that the frequencies asso-
ciated with any periodic excitation be detected and eliminated
from the identification procedure. Note that in the above
example, tan2f in Eq. (59) will be equal to tan( ~ 2«) only if
one of B, or B, is zero, which is impossible. A periodic
excitation affects all the modes unless the source of excitation
is located at one of the nodes of a certain mode.

We propose a guantitative approach to identify the excita-
tion peaks. The approach is based on a sequential transforma-
tion of the coordinates. That is, we first rotate { postulated
modal coordinates, where fis much less than n or m. Denoting
by Q,, the magnitude of the sth peak in the rth mode, if after
the first peaks are transformed, such that the rotation angles
become zero, the terms Q. (r,s =1, 2,..., § r #s) are not
very much smaller than Q,,, we conclude that the row and
column in the matrix Q(Q = Q,,, 1,5 =1, 2, ..., n) with the
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Fig. 11 Effects of damping in the system model.

largest number of off-diagonal terms belonging to an external
excitation.

Once a frequency belonging to the external excitations is
isolated, it is then removed from the set of rotated modes. The
next f peaks are then considered, and the coordinate transfor-
mation is carried out for the {+f — 1 postulated modes.

To illustrate the procedure, we use the same model as in
case 2. Denoting the frequencies associated with the external
excitation by @, @, ..., Qs, we select them such that the
peaks are ordered as w, @), wz, D, w3, L3, w4, Ly, ws, Ps, ws,
Wy o ooy Wy,

Table 1 shows the Q matrix after the first four peaks are
transformed. For reasons of accuracy we consider the first
three rows and columns. Clearly, the second row and column
of Q are fully populated, indicating that the second peak does
not belong to a system mode. Removing it from the set of
modes and including the next peak, which belongs to the third
mode, yields the Q matrix given in Table 2.

The peaks now belong to w;, w,, ,, and w;. As can be seen,
no conclusion can be drawn. We assume that the four peaks
are accurate, and increase the number of peaks to be trans-

Table 1 Q Matrix with w1, @, w2, &
41.5304 2.7613 0.7723 2.9778
0.0580 0.8088 0.0993 0.0900
0.5596 3.3198  28.4315 8.9722
3.4903 0.4602 16.3166  48.5384
Table 2 Q Matrix with wj, w3, @2, w3
41.4864 1.4146 3.4272 1.4069
0.8246  23.8292  10.3297 6.7116
3.7694  19.7493  45.5631  22.1945
1.1201 9.1480  15.8397  32.5248

Table 3 Q Matrix with @1, w2, @2, w3, 03, wa

41.4808
0.8819
3.7755
1.2104
0.3341
0.3030

1.6371
22.0996
21.1222
10.0273

1.3914

3.1152

3.3901
10.1241
46.1587
16.7617

0.0812

2.1489

1.4670
6.5842
22.9601
33.7054
0.0431
1.5554

4.2487
9.4849
0.9487
0.1388
3.1927
9.5718

0.7378
4.1916
6.0167
3.1677
1.8482
16.5450
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Table 4 @ Matrix with w, w2, w3, O3, w4, Qg

41.6763 0.1097 0.1670 3.9384 0.0805 0.8425
6.0719 32.3706 0.5676 6.5941 0.4126 0.7701
0.3203 0.1553 41.3604 1.8228 0.7382 1.3316
0.5626 1.2066 0.2610 5.9220 3.4830 2.1148
0.1191 0.2407 0.2960 10.6399 18.1275 3.4988
0.0223 0.0283 0.0490 0.3932 0.2270 1.1015

formed to six. The resulting Q matrix is shown in Table 3.
Considering the first four rows and columns, we observe that
the populated ones belong to the second and third peaks. We
next compare Q when we remove the second row and column
to the case where we remove the third row and column. The
results clearly indicate that the third row and column, which
correspond to ,, should be removed. Eliminating the third
peak, and adding the next peak, so that the peaks in consider-
ation now belong to w;, ws, w3, 03, w4, s, we rotate. The
results are shown in Table 4. The procedure is continued until
all the excitation peaks are eliminated.

VI. Conclusions

Issues associated with real-time implementation of modal
identification methods are discussed. It is shown that the
accuracy of the identification is deteriorated by using discrete
point sensors and because the mathematical model is finite-
dimensional and spatially discretized. The individual and com-
bined effects of spatial discretization, reduced-order model-
ing, and point sensors are qualitatively and quantitatively
investigated. It is concluded that errors due to reduced-order
modeling dominate the degradation of the accuracy of the
identification. It is thus recommended to retain as many of the
higher modes as possible in the model during identification.
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